INTRODUCTION
The refraction of light by the earth's atmosphere has been observed by astronomers for centuries. In order to obtain the actual star location, one needs to know the path of the light ray from the star through the atmosphere. Mathematical formulas that trace a light ray through nonuniform medium have been derived and can be used for this purpose. [1] - [2] With limited atmospheric data around the earth, it was impossible to compensate the bending of light accurately. Until recently, numerous data have been collected around the earth in different seasons and at different altitudes. Atmospheric models have been generated and used to correct these errors, for example six atmosphere models are provided in a computer code for atmospheric transmittence and radiance computation called LOWTRAN 5.
[31 A wide range of passive optical sensor applications often require the sensor operate within the atmosphere while the objects it examines are outside the atmosphere. When the measurement accuracy at low elevation angle is important for the sensor application, an accurate refraction compensation scheme is needed. There are computer codes, for example LOWTRAN 5 [3] , which can be used to calculate the refraction error and compensate it. It is, however, not applicable to the case when an object is at a finite range from the sensor.
1? Figure 1 .1 shows that for each true target position, the apparant elevation angle can be determined uniquely. However, given the apparent elevation angle, the true target elevation is determined only if the range to the target is known. This is the purpose of this report to provide an algorithm that will generate the actual refraction error for objects with finite range and also provide some sensitivites of these errors to the object range, the underlying atmospheric model and possible statistical variations about a given atmospheric model.
The report is organized in five sections. Section 2 provides a brief review of Fermat's principle and derives an important formula for ray tracing in spherical coordinates.
In Section 3, a specific form of refractive index (a ratio of velocity of light in vacuum and in a medium) is assumed, namely, it is a spherically symmetric function about the center of the earth. The formula that computes the refraction error is derived for an object with a range R from the ob- tions about a given model atmosphere are presented. A surt,*"ry and conclusion is given in Section 5.
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II.
RAY TRACING IN SPHERICAL COORDINATES
When light rays are propagated through an atmospheric medium of continuously varying refractive index, they experience a change in direction or refractive bending.
In this section, we will derive the equations for ray tracing t in spherical coordinates from Fermat's principle.
Fermat's Principle[l]
Let n be the refractive index of a light ray in a medium. The optical length of a ray which joins points P 1 These two equations should be sufficient to determine the ray trajectory. The corresponding Euler equation for r can be derived from (2.13) and (2.14) using the constraint (2.4).
2.3 The Spherically Symmetric Case
For the case where the refractive index depends only upon r, (2.13) and (2.14) become We may choose the coordinate system so that 0 initially. This result will be used in the following sections to calculate the error of angular measurement due to refraction in an atmosphere when spherical coordinates are specified and the refractive index of the atmosphere is given.
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III.
ELEVATION REFRACTION ERROR FOR SENSOR VIEWING THROUGH ATMOSPHERE
In this section, we will limit ourselves to describing the gross characteristics of atmospheric refraction.
Other causes of refraction such as irregularities and variations within the earth's atmosphere which can not be determined by theory will not be considered. The equality holds when the ray is a straight line. The angle, *0(=pi) is commonly called the elevation angle of an object at P 1 with respect to an observer at P 0 . The range, R, is defined as the distance between P0 and P "
As demonstrated in Figure 3 .2, an object at P 1 (r=r ) with a range R from P would be observed to have an 1 0 apparent elevation angle i0 at P 0 , as if it were seen at PI* with a range R from P 0 . If no atmosphere were present, the true elevation angle would be a as indicated in Figure 3 .2.
The elevation error due to refraction is defined as Aa = 4'0 -a. Whenever the function n is specified, a can be determined by numerical integration for a given *0.
For a given set of parameters (a,R,r 0 ), Aa is deter- It is easy to see that Aa=O and (3.11) is satisfied.
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REFRACTIVE INDEX OF AIR
As mentioned in Section 1, the refractive index, n, of a medium for a light ray is defined as which is proportional to the pressure-to-temperature ratio according to Equation (4.2), is also given in Figure 4 .3 at
In the next subsection, we will describe the scheme of calculating the refraction error for an object at a given range and elevation angle. Sensitivities of refraction errors to the object range, atmospheric model mismatch will be presented. by h s and hT as below:
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For a given set of parameters (a,R,h ), an iterative scheme s has been used to solve for *0 such that (3.11) is satisfied, that is (Re + h T)sin8 = R cosa (4.8) where a is a function of ip0 as given in (4.8) and hT is obtained by the following relation:
As illustrated in Figure 4 .4, the iterative scheme used in this report is described as follows:
1.
For a given set of parameters (a,R,h s), determine hT, L and M according to Equations (4.9) and (4.7), 
2.
Compute aj by (4.5) for the given *0.
3.
A new target range is computed as 
= 0+
and go to step 2.
5.
The elevation error due to refraction is computed as The maximum refraction bias that includes the range and reference model mismatches.
. .
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to know the pressure to temperature ratio.
It is much
simpler to model the fluctuations of this ratio.
As we have seen in Figure 4 .3, the variations of this ratio are very small for a wide range of atmospheric models. As mentioned previously, the 1962 U.S. standard atmosphere model has a pressure to temperature ratio very close to the mean of the six atmospheric models considered. In this report, we construct a statistical model of the pressure to temperature ratio for an atmosphere which has mean profile identical to the 1962 U.S. Standard profile as follows:
1i=,2,..,34 It is interesting to note that the mean error is very close to the bias presented in Fig. 4 .6 for the deterministic case The standard deviation is less than 200 Urad at 1 elevation angle for the worst case.
Geometric Considerations
From the results presented in this section, it is seen that refraction errors become much more significant at low elevation angles. The elevation angle is a function of target and sensor altitudes and the distance between them as shown in Figure 4 .12. A major conclusion from the results presented above is that refraction errors are most serious at low elevation angles.
